We propose a quantum non-demolition method -giant Faraday rotation -to detect a single electron spin in a quantum dot inside a microcavity where negatively-charged exciton strongly couples to the cavity mode. Left-and right-circularly polarized light reflected from the cavity feels different phase shifts due to cavity quantum electrodynamics and the optical spin selection rule. This yields giant and tunable Faraday rotation which can be easily detected experimentally. Based on this spin-detection technique, a scalable scheme to create an arbitrary amount of entanglement between two or more remote spins via a single photon is proposed.
Photons and spins hold great potential in quantum information science, especially for quantum communications, quantum information processing and quantum networks [1] . Photons are ideal candidates to transmit quantum information with little decoherence, whereas spins can be used to store and process quantum information due to their long coherence times. Therefore investigations of spin manipulation, spin detection, remote spin entanglement mediated by photons, and quantum state transfer between photons and spins are of great importance [2, 3, 4, 5, 6, 7] .
Spin manipulation is well developed using pulsed magnetic resonance techniques, whereas single spin detection remains a challenging task. Electrical detection of single spin has been reported in a gate-defined quantum box [8, 9] and in a silicon field-effect transistor [10] . The optically detected magnetic resonance technique (ODMR) proves to be an effective way to detect a single spin either in a single molecule [11, 12] or a single N-V center in diamond [13] . However, the ODMR technique is based on the spin dependent fluorescence such that the spin is destroyed after detection. Recently, a non-demolition method to detect a single electron spin has been experimentally reported by Berezovsky et al [14] and Atatüre et al [15] . Both groups detect the tiny Faraday rotation angle induced by a single electron spin in a quantum dot (QD), so the measured signals (even enhanced by a cavity) are rather weak and noisy.
It is widely accepted that entanglement is a useful resource in quantum information science. Recently remote entanglement between photons, trapped ions and atom ensembles have been demonstrated [16, 17, 18] , however, all current experimental proposals for entangling two atoms are restricted to one entanglement bit rather than an arbitrary amount of entanglement [19, 20] . To our knowledge, entanglement between remote single spins has not yet been achieved due to the lack of realizable proposals [21, 22, 23] .
In this Letter, we propose a quantum non-demolition method -giant Faraday rotation -to detect a single electron spin in a single QD inside a microcavity. The different phase shifts for the left and right circularly polarized light reflected from the QD-cavity system yields giant Faraday rotation which can be easily detected experimentally. This giant Faraday rotation induced by a single electron spin originates from the spin dependent optical transitions of negatively-charged exciton and the effect of cavity quantum electrodynamics (cavity-QED). Based on this spin detection technique, we propose a scalable scheme to create an arbitrary amount of entanglement between two or more remote spins via a single photon, as well as the entanglement between single photons and single spins. We consider a single self-assembled InGaAs/GaAs QD inside a micropillar cavity with circular cross section (see Fig. 1 ). This microcavity consists of a λ-cavity between two GaAs/Al(Ga)As distributed Bragg reflectors. The QD is located in the center of the cavity to achieve maximal light-matter coupling. This kind of structure as well as microdisks and photonic crystal nanocavities have been used to make single photon sources [24, 25] and to study various cavity-QED effects [26, 27, 28] , such as the Purcell effect in the weak-coupling regime, and the vacuum Rabi splitting in the strong coupling regime.
If the QD is neutral, optical excitation generates a neutral exciton. If the QD is singly charged, i.e., a single excess electron is injected, optical excitation can create a negatively-charged exciton (X − ) which consists of two electrons bound to one hole [29] . Due to the Pauli's exclusion principle, X − shows spin-dependent optical transitions [see Fig. 1(b) ] [30] . If the excess electron lies in the spin state | + . Due to this spin selection rule, the L-and R-light encounter different phase shifts after reflection from the X − -cavity system, when X − strongly couples to the cavity. This will be discussed below. The Heisenberg equations for the cavity field operator a and QD dipole (X − ) operator σ − in the interaction picture, and the input-output equation are given by [31] 
where ω, ω c , ω X − are the frequencies of external field (probe beam), cavity mode, and X − transition, respectively. g is the coupling constant between X − and the cavity mode. γ/2 is the QD dipole ((X − )) decay rate and κ/2 is the cavity field decay rate (side leakage from the cavity is neglected here).f is the noise operator needed to conserve the commutation relations.â in and a out are the input and output field operators. For simplicity we consider the single-sided cavity with the back mirror highly reflective and the front mirror partially reflective.
In the approximation of weak excitation, we can take σ z ≈ −1. In the steady state, the reflection coefficient for the QD-cavity system can be obtained
By taking g = 0, we get the reflection coefficient for an empty cavity (cold cavity) with QD uncoupled to the The complex reflection coefficients indicate that the reflected light feels a phase shift. The phase shift as a function of the frequency detuning ω − ω c is presented in Fig. 2 . For a cold cavity, the phase shift is ±π at ω = ω c , and decreases to zero with increasing frequency detuning [solid curve in Fig. 2(b) ]. In the strong-coupling regime with g ≫ (κ, γ), the X − state and cavity mode are mixed to form two new states, i.e., the dressed states, which leads to the vacuum-Rabi splitting. This state mixing results in a zero phase shift at ω = ω c and two phase structures corresponding to the two dressed states [dotted curve in Fig. 2(b) ]. The strongly coupled X − -cavity system is called a hot cavity hereafter. In the following we show that the different phase shifts induced by a cold cavity and a hot cavity can result in a giant Faraday rotation dependent on the state of the electron spin. We work near the resonant condition with |ω − ω c | ≪ g so that |r(ω)| = 1 holds for both the cold and the hot cavity [see Fig. 2 (a) ].
As mentioned above, if the excess electron lies in the spin state | ↑ , the L-light feels a hot cavity and gets a phase shift of ϕ h after reflection, whereas the R-light feels the cold cavity and gets a phase shift of ϕ 0 . Linearly polarized light as the probe beam can be regarded as the superposition of two circularly polarized components, i.e., |R + |L (the factor 1/ √ 2 is neglected). The reflected light then becomes e iϕ0 |R + e iϕ h |L . The polarization direction of the reflected light rotates an angle θ
, which is the so-called Faraday rotation. Conversely, if the excess electron lies in the spin state | ↓ , the R-light feels a hot cavity and get a phase shift of ϕ h after reflection, whereas the L-light feels the cold cavity and gets a phase shift of ϕ 0 . We thus get a Faraday rotation angle θ
The sign of Faraday rotation angle depends on the electron spin state. Fig. 2 (c) and (d) present the calculated Faraday rotation angle vs the frequency detuning. The Faraday rotation angles lie in the range between −π/2 and π/2, which are huge compared with the conventional Faraday rotation [14, 15, 33] . We call this phenomenon giant Faraday rotation by a single electron spin, which is the result of cavity-QED as discussed above. The giant Faraday rotation is partly supported by the experimental work from Kimble's group [34] , and can be easily detected experimentally.
If the single excess electron lies in a superposition spin state |ψ = α| ↑ + β| ↓ , after reflection the light and spin states become entangled,
The reflected light is now in a mixed state of two linearlypolarized components with Faraday rotation angles at
. When setting ϕ 0 − ϕ h = π/2 by adjusting the frequency detuning to ω − ω c = −κ/2 [see Fig. 2  (b) ], the probability to observe Faraday rotation angle at θ ↑ F = π/4 is |α| 2 , and that at θ
We can define the polarization degree
where I(π/4) and I(−π/4) are light intensity for Faraday rotation angle at π/4 and −π/4, respectively. P F is exactly the electron spin polarization degree and this relation holds too if the electron spin is in a mixed state. A proposed set-up to measure P F is shown in Fig. 3(a) where the two light components with Faraday rotation angles at θ F = ±45 0 are analyzed by a half wave plate and a polarizing beam splitter. As the electron spin is not destroyed after measurements, this non-demolition spin detection method could be used to monitor the coherent electron spin precession if a transverse magnetic field is applied.
Note that the observation of the giant Faraday rotation relies on the strong coupling between X − and the cavity mode. The strong coupling between neutral exciton and the cavity mode has been observed in various microcavity geometries [26, 27, 28] . As the X − transition can have larger oscillator strength than a neutral exciton, the strong coupling regime could be easier to attain for an X − in the same microcavity [35] . In addition to single spin detection, the giant Faraday rotation could be utilized to make tunable single QD wave plates, which will be discussed elsewhere.
Up to now, the probe beam could be any classical or non-classical light at weak intensities. When using single photons as the probe beam, we can create entanglement between two remote spins in two spatially separated QDcavity systems as shown in Fig. 3(b) . The two QD-cavity systems both work in the strong coupling regime, i.e., X − strongly couples to the cavity mode. For simplicity, we work near the resonant condition with |ω − ω c | ≪ g and |r(ω)| = 1, so that ϕ h = 0 and −π ≤ ϕ 0 ≤ π [see Fig. 2  (b) ]. Now we can make phase shift gates and introduce the phase shift operator [36] U (ϕ) = e iϕ(|L L|⊗|↑ ↑|+|R R|⊗|↓ ↓|) ,
where ϕ = ϕ h − ϕ 0 ≃ −ϕ 0 . In the first QD-cavity system, the excess electron is prepared in the spin state |ψ 1 = α 1 | ↑ 1 + β 1 | ↓ 1 with the corresponding phase shift operatorÛ (ϕ 1 ); In the second QD-cavity system, the excess electron is prepared in the spin state |ψ 2 = α 2 | ↑ 2 + β 2 | ↓ 2 with the phase shift operatorÛ (ϕ 2 ). Both QD-cavity systems are assumed to have the same ω c = ω X − . A linearly polarized single photon is reflected from the first cavity, then reflected from the second cavity, after which they are detected [see Fig. 3(b) ]. The corresponding state transformation is
When ϕ 1 = ϕ 2 = π/2 by adjusting the frequency detuning to ω − ω c = κ/2 [see Fig. 2(b) ], the output state
The output photon states can be measured in orthogonal linear polarizations. If detecting the photon in the |R − |L state (0 • linear), we project Eq. (8) onto a two-spin entangled state
On detecting the photon in the |R + |L state (90 • linear), we project onto another two-spin entangled state
Obviously, if the electron spins are prepared in arbitrary superposition states (which will be discussed later), we get an arbitrary amount of entanglement between remote spins, which could be used as a resource for quantum communications and quantum information processing [19] . This scheme can be extended to create entanglement between three or more remote spins. For example, when using the state in Eq. (7) as the input of the third QDcavity with the electron spin in the state |ψ 3 = α 3 | ↑
when we detect the output photon in the |R − i|L state (+45 • linear), and a similar state with α's replaced by β's and | ↑ by | ↓ when the output photon is detected in the |R +i|L state (−45
• linear). Another route to build higher-order entangled states and cluster states would be to sequentially entangle pairs of the spins by repeating the above single-photon measurement scheme which leads to Eqs. (9) -(10), combined with controlled local spin rotations.
Different from the proposals for entangling remote atoms based on interference of emitted photons [17, 18, 22, 23] , our scheme utilizes a single-photon quantum bus to couple or entangle remote spins. The superposition state of the single electron spin in QD is a prerequisite to create entanglement between remote spins in our case. This superposition state can be prepared, for example, by optical pumping and/or optical cooling [14, 15, 37] using the side excitation, or by electrical spin injection using techniques being developed in spintronics, therefore an arbitrary amount of entanglement can be created. Due to the long coherence time of electron spin in QD, the entanglement should be robust and persist for a long time ( ∼ µs), so one can apply a magnetic field or microwave pulses to manipulate the entanglement. Finally, we can do quantum state transfer between photons and spins with the spin-photon entanglement as demonstrated in Eq. (4). Moreover, an arbitrary amount of polarization entanglement between photons can be created either via a single spin followed by measuring the spin states, or via two entangled remote spins followed by X − emissions [38] .
In conclusion, giant optical Faraday rotation induced by a single electron spin in a QD is proposed as a result of cavity-QED. This enables us to perform non-demolition single spin detection and to build a tunable quantum phase gate. Based on it, we have proposed a scalable scheme to create an arbitrary amount of entanglement either between remote spins or between a single photon and a single spin. This work opens a new avenue to build solid-state quantum networks with single photons and single QD spins.
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